Abstract-The characteristics of a slot antenna on a perfectly conducting elliptic cylinder coated by nonconfocal chiral media are investigated. The structure is fed with a line source or plane wave. The analysis is carried out by expressing the fields in and around the cylinder in terms of Mathieu and modified Mathieu functions using the separation of variable and exact boundary value technique. The unknown aperture field is expressed in terms of Fourier series with unknown expansion coefficients. The expansion coefficients are found by applying the boundary conditions on different surfaces and employing the addition theorem and orthogonality properties of the Mathieu functions. For TM and TE cases some numerical results of the antenna gain for co-and cross-polarized waves are presented and discussed.
INTRODUCTION
Slot antennas are widely used in many practical applications such as radar and satellite communications, space vehicles, aircraft, missiles, and in standard desktop microwave devices for research purposes. The main advantages of slot antennas are adaptability, lightweight, design simplicity, ease of fabrication, high power capability, greater control of the radiation pattern compared to line antennas, and wider bandwidth compared to microstrip patch antennas. Silver and Saunders [1] have developed general expressions for the external field produced by a slot of arbitrary shape in the wall of an infinite circular cylinder. Wait [2] has published a comprehensive theoretical treatment of slots on cylindrical surfaces, i.e., circular and elliptical cylinders. Many kinds of slot antennas are theoretically analyzed by Wolff [3] . Extensive works is reported on investigating the characteristics of slotted antenna on circular cylinder coated by materials, i.e., dielectric [4, 5] . Other investigations are reported as well about slotted antennas on elliptic conducting cylinder. These include the radiation conductance [6] , radiation patterns [7] , and coupling properties of slotted elliptic cylinder [8] , scattering by slotted elliptic cylinder [9] , and characteristics of slotted elliptic cylinder coated by materials [10] [11] [12] [13] [14] . In most of the investigations on slotted cylinders, the aperture field is assumed as a known field. However, some work about non coated slotted elliptic cylinder [8] and dielectric/metamaterial coated slotted elliptic cylinder [14] with unknown aperture field are reported, as well.
A slotted cylinder coated by materials offers more control of the radiation power. Dielectric is one of the most used materials for this purpose. However, other kind of materials (i.e., isorefractive, metamaterial, and chiral media) with special electromagnetic wave propagation properties have recently become the subject of intensive studies [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Chiral media is a reciprocal medium characterized by different phase velocities for right and left handed circularly polarized waves. Chiral media responds with both electric and magnetic polarization to either electric or magnetic excitation. Chiral objects can generate both co-and cross-polarized fields simultaneously which is an advantage for some applications. They can be found in nature, or made artificially.
In this paper, characteristics of a slot antenna on a perfectly conducting elliptic cylinder coated by nonconfocal chiral media are investigated. The analysis is based on using the separation of variable and exact boundary value technique, and using the elliptic cylindrical coordinates system and Mathieu functions. The unknown aperture field is expressed in terms of Fourier series expansion with unknown coefficients. The formulation of the problem for TM case is introduced. The system of linear equations is solved using standard numerical techniques, to generate numerical results. Numerical results of the antenna gain for co-and cross-polarized waves are presented and discussed.
FORMULATIONS
Consider Cartesian coordinates system (x c , y c , z c ) or elliptic cylindrical coordinates system (ξ c , η c , z c ) as a local coordinates system, and (x, y, z) or (ξ, η, z) as a global coordinates system. A perfectly conducting elliptic cylinder with semi-focal length f c , semi-major axis a c , and semiminor axis b c is centered at the origin of the local coordinates system. It has an axial slot along the z c -axis with angular width η c2 − η c1 . This cylinder coated by a nonconfocal elliptic cylinder which is located at the origin of the global coordinates system with semi-focal length f , semi-major axis a, and semi-minor axis b. The major axis (x c -axis) of the local coordinates system with respect to the major axis (x-axis) of the global coordinates system is oriented by an angle α, and its center with respect to center of the global coordinates system is given by the polar coordinates system (d, β). A cross section of this geometry in the x-y plane is shown in Figure 1 which includes three regions.
In general, the inner region of the conducting cylinder (region 1), can be free space, dielectric, or metamaterial. The coated region (region 2), can be free space, dielectric, isorefractive, metamaterial, or chiral media. The region 3 is free space. Considering a transverse magnetic (TM) polarized wave incident, the eigenfunction expansions in regions 1 and 2 can be expressed in terms of local coordinates system, while in region 3 they can be expressed in terms of global coordinates system.
In the transmit mode, assume a line source is located in region 1, and in the receiving or coupling mode, a plane wave is incident from region 3. The incident electric field, for an electric line source of unit amplitude which is located at (ξ 0 , η 0 ) in region 1 is given by [8] Figure 1 . Geometry of slotted elliptic cylinder.
and for a plane wave is given by
where S is the angular Mathieu function, R (l) is the lth kind of radial Mathieu function (l = 1, . . . , 4), 
, and ρ 0 is the radial distance from the origin of the circular cylindrical coordinates system to the source location. The origin of the circular cylinder is center of the local coordinates system if source located in region 1, and it is center of the global coordinates system if source located in region 3.
The corresponding incident magnetic fields in the η c and η directions (for regions 1 and 3) can be obtained by Maxwell's equations. For example for region 1,
where µ 1 is permeability of region 1 and h c is a scale factor in elliptic cylindrical coordinates systems,
The problem formulation for chiral medium is more complicated and general compared to achiral medium.
The constitutive relationships for a chiral medium are given by [19] 
where D, B, and H are the electric flux density, magnetic flux density, and magnetic field, respectively. Also ε c is the effective permittivity of the chiral medium, ε is the permittivity, µ is the permeability, and γ is the chiral admittance of the medium. If µ, ε, or γ is complex the media is lossy. If γ = 0, then (11) and (12) reduce to an achiral medium. The chiral wave numbers are given by [19] 
where k R and k L , are the propagation constants of right and left circularly polarized waves, respectively. In presence of chiral media, the fields may be expanded as an infinite sum of vector wave functions, M m and N m [19] , which are related by
In elliptic cylindrical coordinates system (ξ, η, z), M m and N m can be written as
where prim indicates the derivative with respect to the arguments, ξ for R, and η for S functions.
Therefore, the fields in region 1 will have TM Z and TE Z components, and the electric field is expanded as
where B1e o m and B2e o m are unknown expansion coefficients. The corresponding magnetic field can be written as
The unknown aperture fields on the slot are expressed in terms of sinusoidal Fourier representation of even and odd parts, i.e.,
where b1e o m and b2e o m are unknown expansion coefficients. In region 2, the eigenfunction expansion must account for the polarization rotation inherent to chiral media. In a z-independent problem, these result in a coupling between the TM Z and TE Z fields, which prevents the eigenfunction expansion from being written as a simple superposition of TM Z and TE Z fields. However, the eigenfunction expansion can be written as a superposition of right and left hand circularly polarized fields. This is done by combining the vector wave functions M m and N m , to form right and left circularly polarized vector wave functions
The electric field in the chiral medium may be then represented as
where 
The fields in region 3 will have TM Z and TE Z components. Therefore, the electric field is expanded as
where F 1e o m and F 2e o m are unknown expansion coefficients. The corresponding magnetic field can be written as
The unknown expansion coefficients,
and F 2e o m may be determined by imposing the boundary conditions on the surfaces of slotted and coated cylinders defined by ξ c = ξ 1 and ξ = ξ 2 . The boundary conditions at ξ = ξ 2 can be applied after the transformation of the field components inside the coating (region 2) in terms of the global coordinates system. This can be done using the addition theorem of Mathieu functions [23] , so that components E 2 η c , E 2 z c , H 2 η c , and H 2 z c in the local coordinates system change to similar components (E 2 η , E 2 z , H 2 η , and H 2 z , respectively) in the global coordinates system, as
where
and the l-summation (Σ) starts from 0 for even type (WE ) and from 1 for odd type (WO). Details of WE
and WO are given in [23] . Therefore, considering an electric line source in region 1, the boundary conditions at ξ c = ξ 1 are
and the boundary conditions at ξ = ξ 2 are
For a plane wave excitation, the incident fields E i z c and H i η c should be removed from (36) and (39), and E i z and H i η added to right side of (42) and (43), respectively.
To find the unknown expansion coefficients, we substitute the corresponding expressions from (1)- (34) into (35)-(44). Multiplying both sides of obtained equations by appropriate angular functions, integrating over the counters, and using the orthogonality properties of Mathieu functions, the terms involving even functions decouple completely from those of odd functions, and vice versa. Finally, the unknown expansion coefficients can be found from the obtained equations system.
Once the unknown expansion coefficients are found, the antenna gain can be calculated. Due to the chiral medium, there are two (coand cross-) polarization waves everywhere. The far zone co-polarized electric field is
where ρ and φ denote the polar coordinates in the circular cylindrical coordinates system. The far zone cross-polarized electric filed can be written as
The time-average power density in the far zone co-polarized field is
The average power density of S(ρ, φ) over an imaginary cylindrical surface with radius ρ can be written
Using (46), the corresponding power equations for cross-polarized field, similar to (47) and (48) can be found. The antenna gain is given by
NUMERICAL RESULTS
Although the formulation is presented for the TM case, numerical results are given for both TM and TE cases. The selected numerical results are presented for a variety of geometrical and material parameters. In each case, the infinite series is terminated to include only N terms of both the even and odd functions, where N , in general, is a suitable truncation number proportional to the structure's electrical size and shape. After several simulations of different material and geometrical parameters, it is found that N = 2k R a + 3 provides a very good solution accuracy for far zone fields. The infinite series of aperture fields is terminated to include only M terms of both the even and odd functions, where M , is a suitable truncation number proportional to the structure's electrical size and aperture width. There are many ways to validate the formulation and associated software program. As the first example, consider a cylinder with very small cross section and whole slot (η c2 − η c1 = 360 • ) coated by a chiral media. The scattered field from this cylinder should be the same as the scattered filed from a pure chiral cylinder. Figure 2 shows the coand cross-polarized scattering echo widths for a cylinder with a small cross section coated with nonconfocal chiral media. Inside the slotted cylinder is a dielectric with the same permeability and permittivity of the coated chiral media. The source is a TM polarized plane wave with incident angle φ i = 180 • . Other parameters are given on the figure. These results are in excellent agreement with the results given in [18, 20] for scattering echo widths due to a circular chiral cylinder.
Many other checks were also done by considering the fact that the scattered field from a conducting elliptic cylinder with very narrow slot (η c2 − η c1 ≈ 0 • ) should be the same as the scattered filed from a conducting elliptic cylinder without slot. In all considered cases with different geometrical and material parameters for TM and TE polarized waves, the calculated scattered fields from a narrow slotted cylinder coated by a confocal dielectric were completely agreement with the results given in [24] for a conducting cylinder coated by a confocal dielectric. Furthermore, as a second verification example, Figure 3 shows the scattering echo widths for a conducting elliptic cylinder coated by a nonconfocal dielectric when the slot angle width is very narrow. The source is a TM polarized plane wave with incident angles φ i = 0 • and 90 • . Inside the conducting cylinder is free space and other parameters are given on the figure. These results are very good agreement with the results given in [25] for scattering echo widths of conducting elliptic cylinder coated by a nonconfocal dielectric. For the following examples, the effects of different geometries and material parameters on antenna gain are presented and discussed. More details of geometrical and material parameters are given on the figures.
Figures 4 and 5 show the effect of chirality on slot antenna gain. For both figures the nonconfocal coating cylinder is a chiral media with different chirality. An electric line source is located in the center of core cylinders and the excited wave is a TM polarized wave. Figure 4 shows the co-polarized antenna gain from the slotted elliptic cylinder with semi-major axis a c = λ, axial ratio a c /b c = 2, and slot angle width 10 • Figure 4 . Effect of chirality on antenna gain in TM z co-polarized. One of the advantages of nonconfocal coating is, more material can be placed in front of slot. Figures 6 and 7 show the results for the geometries in which the coating thicknesses in front of slots are more than the coating thicknesses of the other parts of conducting cylinders. The coated cylinders are nonconfocal chiral media with different chirality. Figure 6 shows the results for slotted elliptic cylinder with semi-major axis a c = λ/2, axial ratio a c /b c = 2, and slot angle width 10 • (η c1 = 85 • and η c2 = 95 • ) coated by a noncofocal cylinder with semi-major axis a = 0.75λ and axial ratio a/b = 1.5. A magnetic line source is located inside the elliptic core cylinder at ρ 0 = λ/8 and φ i = π/2, and the excited wave is a TE polarized wave. Finally, the effects of coating thicknesses on antenna gain for coated materials dielectric, isorefractive, and chiral media are shown in Figures 9. In this geometry the slotted elliptic cylinder has semimajor axis a c = λ/3, axial ratio a c /b c =3, and slot angle width 20 • (η c1 = −10 • and η c2 = 10 • ). An electric line source is located in the center of core cylinder, and the excited wave is a TM polarized wave. The coating axial ratio a/b = 3 and coating thicknesses are calculated Figure 9 . Effect of coating thickness on antenna gain in TM z copolarized.
from the semi-major axis a c . As shown in this figure, by increasing the coating thickness, the gain due to isorefractive-coating decreases while the gains due to dielectric-and chiral media-coating increase for coating thickness more than 0.1λ.
CONCLUSION
A general solution to the problem of a slot antenna on a perfectly conducting elliptic cylinder coated by a nonconfocal chiral media is presented. The analysis is carried out by expressing the fields in and around the cylinder in terms of Mathieu and modified Mathieu functions using the separation of variable and exact boundary value technique. The unknown aperture field is expressed in terms of Fourier series with unknown expansion coefficients. The expansion coefficients are found by applying the boundary conditions on different surfaces and employing the addition theorem and orthogonality properties of the Mathieu functions. The effects of some coating materials on electromagnetic wave propagation are presented. One of these materials is chiral media which can generate both co-and crosspolarized waves simultaneously. For some applications, this is a big advantage of this material with respect to other kinds of materials. For TM and TE cases some numerical results of the antenna gain for co-and cross-polarized waves are presented and discussed. In general for the presented geometries, the slotted cylinders with chiral mediacoating are offered more gain compared to other kinds of materials.
